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In light of tight-binding model, we investigate the emergence of high-order Dirac point and quantum spin
Hall state in monolayer β-Bi2Pd without and with spin-orbital coupling. By introducing the Zeeman field, we
show the clear quantum anomalous Hall state at the edge. Since the existence of intrinsic superconductivity, the
system gets into a topological superconducting state via introducing the pi-shifted superconductor (Zeeman field)
that preserves (destroys) time reversal symmetry. Meanwhile, we observe the corresponding helical (chiral)
Majorana zero modes at the boundary. The topological phase transition gives a workable approach to realize
topological superconductivity in experiment.
I. INTRODUCTION
Majorana Fermions are their own antipaticle and obey non-
Abelian braiding statistics [1] which possess potential appli-
cation for quantum computation [2, 3]. Topological super-
conductors (TS) are a natural platform for realizing topo-
logically protected gapless boundary states which is essen-
tially Andreev bound state hosting Majorana fermions at the
vortex[4]. Theoretically, odd-parity superconductors such as
p-wave superconductor Sr2RuO4 [5, 6] are judged as intrin-
sic TS from the Fermi surface that encloses an odd number
of time reversal invariant momenta (TRIM) in the Brillouin
zone (BZ) [7, 8]. In addition, Sato proposed a feasible project
for supporting non-Abelian anyon excitations in s-wave su-
perconductors that are realized in two dimensional (2D) Dirac
Fermions [9]. Subsequently, Fu et al. [10] explicitly demon-
strated that the Dirac-type surface state of a topological insu-
lator couplings to a s-wave superconductor resembles a spin-
less p-wave superconductor which can realize Majorana zero
modes (MZMs) at the certain limit. Also, a Chern insulator
with quantum anomalous Hall states (QAHSs) [11] proximi-
tized with a s-wave superconductor supports chiral MZMs at
the vortex [12–14].
Recently, a strong topological superconductor candidate β-
Bi2Pd reported by both theory and experiment has attracted
much attention on its topological surface states [15–17] and
superconductivity [18, 19]. Li et al. [20] proposed that
β-Bi2Pd is a unconventional superconductor with a spin-
triplet pairing symmetry on account of the observation of half-
quantum magnetic flux quantization. Furthermore, a signature
of MZMs on β-Bi2Pd thin films was observed via cryogenic
scanning tunneling microscopy [21]. Besides bulk structure,
2D monolayer materials worth equal studying owing to their
ability to fabricate stacked structures and manipulate proper-
ties.
In this letter, we focus on monolayer β-Bi2Pd stripped from
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layered bulk structure. Based on the tight-binding model
(TBM) constructed by p-orbital of Bi atoms, the high-order
quadratic Dirac point (DP) appears at the M point when ig-
noring the effect of spin-orbital coupling (SOC), which is pro-
tected by C4 and σv symmetry. Considering SOC, we predict
the nontrivial topological edge states (TESs) at the Γ point by
breaking periodic boundary condition along y direction. The
QAHSs are also obtained at the boundary by introducing the
Zeeman field which violates the TR symmetry. In addition,
the intrinsic superconductivity of monolayer β-Bi2Pd [22]
helps us to realize the chiral MZMs. Alternatively, coupling
to a pi-shifted superconductor by proximity effect instead of
magnetism is a feasible method as well to gain the helical
MZMs. Which worth mentioning is that all first-principles re-
sults (FPRs) in the letter are implemented in the QUANTUM
ESPRESSO package.
II. BASES
In order to get a physics picture of monolayer β-Bi2Pd, we
begin to choose suitable atomic orbitals of Bi and Pd as bases
to construct TBM. The outmost shells for Bi and Pd are p-
orbital and d-orbital, respectively. From the orbital-resolved
band structure [22], we find that only the p-orbital of Bi atoms
does the main contribution to the band structure around the
Fermi level through the whole BZ, while the d-orbital of Pd
atoms is dominant for the valence bands and can be negligi-
ble. The point group of D4h of monolayer β-Bi2Pd shows
us clearly the inversion symmetry which links two equivalent
Bi atoms within a primitive cell. Thus, it is natural to set up
bonding and anti-bonding states with definite parity [23] for
Bi atoms as follow
|Bi±x,y,z >= |Bi1;x,y,z > ∓|Bi2;x,y,z >, (1)
where the superscript represents the parity. Since anti-
bonding states always have higher energy than bonding states,
it is reasonable to pick |Bi−z > and |Bi+x,y > these three
bases (as shown in Fig. 1) to construct a three-band TBM of
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2FIG. 1. The band structure of monolayer β-Bi2Pd without SOC. The
contribution of pz and px,y orbitals of Bi atoms are signed by red
and green bubbles. At the Γ point, we sign the atomic orbitals of Bi
for bands. The dashed line represents the fitting band structure with
(purple) and without (blue) SOC.
monolayer β-Bi2Pd which can capture the main low-energy
physics.
III. TIGHT-BINDING MODEL
Under the bases mentioned before, we build the TBM
upto next-nearest-neighbor hopping (NNNP) term. The ma-
trix elements of the Hamiltonian is given by Hjj
′
µµ′(k) =∑
R e
ik·REjj
′
µµ′(R), in which
Ejj
′
µµ′(R) =
〈
Bijµ(r)|Hˆ|Bij
′
µ′(r −R)
〉
is the hopping integral between the atomic orbitals
∣∣Bijµ〉 at 0
and
∣∣∣Bij′µ′〉 at lattice vector R. The final Hamiltonian H0 is
given by
H0 = + TNN + TNNN =
 h11 h12 h13h22 h23
h.c. h33
 , (2)
where
h11 = 1 + 2t11[cos(kxa) + cos(kya)]
+4t
′
11cos(kxa)cos(kya)
h12 = 2it12sin(kxa) + 4it
′
12sin(kxa)cos(kya)
h13 = 2it12sin(kya) + 4it
′
12cos(kxa)sin(kya)
h22 = 2 + 2t22cos(kxa)
+2t33cos(kya) + 4t
′
22cos(kxa)cos(kya)
h23 = −4t′23sin(kxa)sin(kya)
h33 = 2 + 2t33cos(kxa)
+2t22cos(kya) + 4t
′
22cos(kxa)cos(kya),
(3)
and a is the lattice constant,  is the on-site energy, TNN and
TNNN are the NNP and NNNP energy, respectively. The fit-
ted parameters are listed in Table I.
A. High-order Dirac point
As shown in Fig. 1 (blue lines), the fitting bands show a dis-
tinct DP at the M point. It is protected by C4 and σv symmetry
and robust against any perturbation unless destroying crystal
symmetry. Here, C4 is the 4-fold rotation symmetry and σv is
the reflection plane perpendicular to x-y plane. One can see
that the DP disperses quadratic rather than linear indicating a
high-order DP [24]. Comparing to FPRs, there is a band in-
version along Γ-X path between pz and px,y orbitals, which
guarantees the existence of nontrivial topology and gives Z2
index by 1. We will discuss later.
B. Spin-orbital coupling
Owing to the heavy halogen family Bi, SOC can’t be ig-
nored. Under the bases, we obtain the SOC contribution to
the Hamiltonian as follow
HSOC = λL · S = λLzσz
where σ is Pauli matrix for spin,
Lz =
 0 0 00 0 −i
0 i 0

is the matrix of z component of the orbital angular momentum,
and λ denotes the strength of the SOC. Note that, the matrix
elements of Lˆx and Lˆy are all zeros. Then we get the full TB
Hamiltonian with SOC as follows:
HS(k) = I2 ⊗H0(k) +H ′
=
[
H0(k) + λLz 0
0 H0(k)− λLz
]
in which I2 is the 2 × 2 identity matrix. The above Hamilto-
nian is block diagonal, which means that the spin z component
is not mixed by the SOC and hence is still a good quantum
number. Since the coincidence of TR and inversion symme-
try, the Kramer degeneracy ensures the double degeneracy of
each bands. Therefore, it is no accident that SOC is nothing
but splits the Dirac point and causes a full band gap. Here, we
set λ=0.2 as an example in Fig. 1.
C. Zeeman field
In order to realize QAHSs, we plus the Zeeman field along
z direction on each Bi atoms. The contribution reads
HB = gsµBB · S = gsµBBzσz = gsµBBI3σz.
where µB is the Bohr magneton, gs is the electron-spin g-
factor, I3 is a 3×3 identity matrix, and B is the strength of
magnetic field. For simplicity, we set gs=µB=1. One can
see that the SOC term we mentioned before preserves the
TRI, while the Zeeman term violates it and results in different
3TABLE I. Fitted parameters of the three-band TBM based on the FP band structures of monolayer β-Bi2Pd. s are the on-site energy and ts
are hopping energy. All energy parameters are in units of eV.
Fitted parameters 1 t11 t12 2 t22 t33 t
′
11 t
′
12 t
′
22 t
′
23
Values 0.85 −0.45 −0.52 0.54 1.42 −0.78 −0.175 0.09 0.135 0.2
TABLE II. Parity of valence and conduction bands at four TRIM
TRIM Γ X M
The valence band −1 1 1
The conduction band 1 −1 1
physics pictures. Here, we suggest two different way to intro-
duce Zeeman field. One is transforming the system into Fer-
romagnetism [25, 26] i.e. exerting the field toward the same
direction on all Bi atoms. The other is exerting a alternate
converse field on adjacent nanoribbons of Bi alone y axis then
make the system into antiferromagnetic phase [20]. We call
them Plan I and Plan II, respectively. Experimentally, one can
deposit monolayer β-Bi2Pd on a magnetic material to realize
QAHSs via proximity effect. Alternatively, doping magnetic
atoms like Fe, Cr, or Ni may does the trick as well [27, 28].
IV. Z2 INDEX
By the criterion of parity introduced by Fu et al. [29], the Z2
index v0 can be calculated by (−1)v0 =
∏4
i=1 δ (Γi), where
δ (Γi) is the product of parity eigenvalues of the occupied
bands at the four TRIM Γi in 2D. The TRIM are defined as
Γn1,n2 =
1
2 (n1G1+n2G2), where n1,2 = 0 or 1 andG1,2 are
the primitive reciprocal lattice vectors. We show the parity of
each TRIM in Table II. Due to the band inversion exchanges
the parity of Γ and K between valence and conduction bands,
the nontrivial Z2 index v0=1 is obtained and guarantees the
existence of nontrivial TES. This nontrivial topology is inde-
pendent of SOC indicating a inevitable node in BZ which is
the Dirac point when excluding SOC.
V. TOPOLOGICAL EDGE STATES
Considering a infinite nanoribbon of monolayer β-Bi2Pd
where y direction is limited, in the case, the momentum ky is
not a good quantum number yet. We plot such band structures
in Fig. 2.
A. Quantum spin Hall states
Due to the Z2 number is nontrivial, the TES will exists in
monolayer β-Bi2Pd even without SOC [dashed line in Fig.
2(a)]. Once turning on SOC, the band structure will be di-
vided then forms a full band gap in bulk. However, the TES
FIG. 2. The QSHSs (a) and QAHSs (b) (c) with (solid lines) and
without (dashed lines) SOC. The strength of SOC λ=0.2 eV and the
Zeeman field B=0.1 eV.
closes the band gap at the Γ point (solid lines). This TES cor-
responding to quantum spin Hall state (QSHS) that two elec-
trons with opposite spin travel at the boundary along adverse
directions. One can see this intriguing phenomenon by adding
a external electric field [30].
B. Quantum anomalous Hall states
For Plan I, since the magnetic field lifts the Kramers degen-
eracy, each two-fold degenerate edge band splits and cause a
QAHS at the Γ-X path including SOC in Fig. 2 (b). Through
tuning λ and B, the system gets into QAHS from Dirac phase
only when |λ| > |B|. When the system enters the antifer-
romagnetic phase and number of nanoribbons is odd, this is
quite similar to Plan I. However, if number of nanoribbons is
even, edge bands remain two-fold degeneracy and give a four-
fold degenerate point alone Γ¯-X¯ (c) once SOC is nonzero. In-
terestingly, there is no reflection symmetry with regard to Γ
point, because adjacent Bi nanorribons have opposite mag-
netism that destroys the according crystal symmetry.
VI. MAJORANA ZERO MODES
In this section, we introduce a s-wave superconducting gap
∆ as follow
H∆ =
∑
α=x,y,z
∆C†k,α,↑C
†
−k,α,↓ + h.c.
4FIG. 3. The MZMs realized by coupling to a pi-shifted superconduc-
tor (a), introducing the Zeeman field toward the same direction on
all Bi atoms, and introducing the Zeeman field toward the converse
direction on adjacent Bi layer along y direction. Here, SOC is zero
(a) and B=0.15 eV (b) and (c).
where α is p-orbital. In Nambu space {C†k,α,↑, C†k,α,↓,
C−k,α,↑, C−k,α,↓}, the Bogoliubovde Gennes (BdG) Hamil-
tonian is given by
HBdG = H +H∆ = H0 +HSOC +HB +H∆
=
[
H(k) ∆0
∆†0 −H∗(−k)
]
,
where
∆0 = ∆iσyI3.
Below the superconducting transition temperature T=1.95 K
[22], the system enter the superconducting phase and the en-
tire edge will become gapped. To realize MZMs, we offer
three different schemes: Plan 0, I, and II. We set ∆=0.1 eV for
all situations. For Plan 0, we cover the half of monolayer β-
Bi2Pd with a pi-shifted s-wave superconductor on the surface,
then the system becomes a helical TS when SOC is negligi-
ble. The MZM appears at the Γ¯-X¯ path as shown in Fig. 3 (a).
On the edge, there will be a chiral Majorana fermion and an
anti-Chiral Majorana fermion with the opposite spin traveling
along opposite directions. Plan I and Plan II are mentioned
before. When the strength of Zeeman field is comparable to
superconducting gap at least, there will be chiral MZMs at
the edge [(b) and (c)]. If SOC is large enough (nearly twice
as much as B), band structure will be gapped at the edge for
antiferromagnetic phase.
VII. CONCLUSION
In summary, we construct a three-band TBM for monolayer
β-Bi2Pd to analyze topological and superconducting proper-
ties. Without SOC, there is the high-order quadratic Dirac
point at the M point protected by C4 and σv symmetry. When
turning on SOC, the band structure of bulk is gapped but the
nontrivial TES closes the band at the edge. Since it itself is
a superconductor, Majorana fermions will appear on the vor-
tex by covering half surface of monolayer β-Bi2Pd with a pi-
shifted superconductor. When monolayer β-Bi2Pd gets into
ferromagnetic and antiferromagnetic phase by magnetic prox-
imity effect or doping magnetic atoms in experiment, QAHSs
and chiral MZMs will be possibly observed as well.
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